The absence of nesting between electron and hole-pockets in LiFeAs with Tc = 18K attracts great attention, as an important hint to understand the pairing mechanism of Fe-based superconductors. Here, we study the five-orbital model of LiFeAs based on the recently-developed orbital-spin fluctuation theories. It is found that the experimentally observed gap structure of LiFeAs is quantitatively reproduced in terms of the orbital-fluctuation-mediated s++-wave state without sign-reversal. Especially, the largest gap observed on the small two hole-pockets composed of (dxz, dyz) orbitals can be explained, and this is a hallmark of the orbital-fluctuation-mediated superconductivity. The s++-wave gap structure becomes more anisotropic in the presence of weak spin fluctuations. As the spin fluctuations increase, we obtain the "s h ± -wave state", in which only the gap of the large holepocket made of dxy-orbital is sign-reversed, due to the cooperation of orbital and spin fluctuations. This gap structure with "sign-reversal between hole-pockets" is similar to that recently reported in (Ba,K)Fe2As2.
I. INTRODUCTION
The most remarkable feature of Fe-based superconductors would be the amazing variety of the normal and superconducting states in various materials. The high-T c state with T c > 30K is realized by electron-doping, holedoping, in addition to isovalent-doping, irrespective of the huge change of the Fermi surfaces (FSs). In Ba122 systems, the superconducting phase is next to the orthorhombic (C 2 ) structure phase, accompanied by the magnetic order. Near the structural and magnetic quantum critical points, strong orbital and spin fluctuations are observed [1] [2] [3] [4] [5] [6] [7] , and these fluctuations would be the origin of superconductivity. In FeSe x Te 1−x , in contrast, the optimum T c is realized near the structural quantumcritical-point at x ≈ 0.6 [8] , whereas magnetic order is absent for x > 0.4. In heavily H-doped La1111 and (La,P) co-doped Ca122, high-T c above 40K is realized near the isostructural (C 4 ) transition phase.
Also, the shape of the FSs, which is essential for the electronic properties of each material, is strongly material-dependent [9] : In La1111, the band structure is almost two-dimensional and the FSs are mainly composed of the d xz , d yz and d xy orbitals. In Ba122, the band structure has three-dimensional character, and the d 3z 2 −r 2 orbital also contributes to the FS. In FeSe x Te 1−x , the Fermi momentum k F is less than one-fifth of that of Ba122, and the Fermi energy is just ∼ 100K [10] . In heavily H-doped La1111 and (La,P) co-doped Ca122, high-T c ( 40K) is realized irrespective that the hole-pockets are very tiny or absent. These experimental facts strongly indicate the wide variety of the pairing mechanism in Febased superconductors, and quantitative analysis based on the realistic tight-binding model is required for each compound.
Up to now, the spin-fluctuation-mediated s ± -wave state with sign-reversal between hole-and electronpockets had been studied by many authors [11] [12] [13] [14] . In La1111 systems, however, the relation between the strength of spin fluctuations and T c is less clear. For example, T c of 14% F-doped LaFeAsO increases from 23K to 43K by applying the pressure 3GPa, although the 1/T 1 remains small and almost unchanged. Later, the orbital-fluctuation-mediated s ++ -wave state without sign-reversal had been proposed [15, 16] . The robustness of T c against the randomness in various Fe-based superconductors [17] [18] [19] is consistent with the s ++ -wave state [20, 21] . Also, broad hump structure in the neutron scattering spectrum at ω ∼ 2∆ can be explained based on the s ++ -wave state, by taking the realistic inelastic scattering into account [22] .
In the study of the pairing mechanism, the detailed gap structure given by the angle-resolved-photoemissionspectroscopy (ARPES) offers us very useful information. For this purpose, LiFeAs (T c = 18K) is favorable since very clean single crystals can be synthesized. For this reason, the intrinsic gap structure free from the impurity effect can be obtained in the case of LiFeAs. The detailed gap structure of LiFeAs had been obtained by ARPES [23, 24] . The FSs given in Ref. [23] are shown in Fig. 1 (a) , which are reproduced by the ten-orbital tightbinding model (two-Fe unit cell). Figure 1 (b) shows the FSs in the five-orbital model (single Fe unit cell) obtained by unfolding the original ten-orbital. Both models are equivalent mathematically, and the unfolding is performed according to the procedure in Ref. [25] . The bad nesting in LiFeAs attracts great attention, as an important hint to understand the variety and commonness of the pairing mechanism in Fe-based superconductors. Consistently, the observed spin fluctuations are moderate according to NMR measurements [26] and neutron scattering measurements [27] [28] [29] .
In Ref. [30] , the spin fluctuation mediated s ± -wave state had been studied based on the ten-orbital model for LiFeAs. The obtained gap functions on the tiny holepockets h-FS1 and h-FS2 in Fig. 1 (b) are very small when the filling of electrons per Fe-site is n = 6.0, although they are the largest in the ARPES measurement [23, 24] and the Scanning Tunneling Microscopy (STM) measurement [31] . Thus, it is an important challenge to verify to what extent the experimental gap structure is reproduced based on the orbital fluctuation theories. In this paper, we study the five-orbital model of LiFeAs based on the recently-developed orbital-spin fluctuation theories [15, 16] . When only the orbital fluctuations develop, the anisotropic s ++ -wave state without signreversal is obtained. In this case, experimentally observed gap structure of LiFeAs, especially the largest gap experimentally observed on h-FS1 and h-FS2, is quantitatively reproduced. This is a hallmark of the orbital-fluctuation-mediated superconductivity since the spin fluctuation scenario predicts the smallest gap on h-FS1 and h-FS2. When orbital and spin fluctuations coexist, we can obtain the "s h ± -wave state", in which the gap structure with "sign-reversal between hole-pockets"is realized. This exotic gap structure had been discussed in (Ba,K)Fe 2 As 2 experimentally, [32, 33] and it might be realized in other Fe-based superconductors.
Theoretically, strong intra-orbital spin fluctuations emerge due to intra-orbital Coulomb interaction U and the intra-orbital nesting of the FSs. For this reason, in Ba122 and Sr122, the "horizontal-node" on the 3z 2 − r 2 -orbital hole-like FS (h-FS) around the Z point was predicted by spin fluctuation theories [34, 35] , since 3z 2 −r 2 -orbital is absent on the electron-like FSs (e-FSs). In contrast, the horizontal-node is absent in the orbitalfluctuation-mediated s-wave state, due to the strong inter-orbital fluctuations [35] . The latter is supported by recent ARPES measurements for optimally-doped BaFe 2 (As,P) 2 [36, 37] . We note that Ref. [38] reported the horizontal node in BaFe 2 (As,P) 2 . However, its existence is not consistent with the large in-plane field angle dependence of the thermal conductivity reported in Ref. [39] , which instead supports the three-dimensional "loopshape nodes" on the e-FSs observed in Ref. [37] . Also, very small T -linear term in the specific heat at T ≪ T c indicates the presence of nodes on light e-FSs [40, 41] . Theoretically, the "loop-shape nodes" on the e-FSs are reproduced by considering the coexistence of orbital and spin fluctuations [35] .
II. FORMALISM
In this paper, we set x and y axes parallel to the nearest Fe-Fe bonds, and the orbital z 2 , xz, yz, xy, and x 2 − y 2 are denoted as 1, 2, 3, 4, and 5 respectively. The threedimensional ten-orbital tight-binding model had been obtained in Ref. [30] by fitting the experimentally observed dispersion reported in Ref. [23] , and its FSs are shown in Fig. 1 (a) . In this model, the the band renormalization due to the mass enhancement m * /m b ∼ 2 is taken into account. To simplify the numerical calculation, we derive the five-orbital model by unfolding the original ten-orbital model [25] . The FSs and the band dispersion of the five-orbital model are shown in Fig. 1 (b) and (c), respectively.
The kinetic term of the five-orbital model is given aŝ Next, we explain the interaction term. We introduce both the Coulomb interaction (U , U ′ , J = (U − U ′ )/2) and quadrupole interaction. The latter are induced by the electron-phonon (e-ph) interaction due to Fe ion oscillations as follows, [15] 
where
), and g = g(0) is the quadrupole interaction at ω l = 0. ω 0 is the cutoff energy of the quadrupole interaction.Ô
is the quadrupole operator at site R a introduced in Ref. [15] : The non-zero co-
1,2 xz = 1, and
1,3 yz = 1. Thus,V quad has many nonzero inter-orbital elements. As explained in Ref. [15] , g is induced by in-plane Fe-ion oscillations. Also, the Aslamazov-Larkin type vertex correction (AL-VC) due to Coulomb interaction produces large effective quadrupole interaction g [16] . Thus, the quadrupole interaction in eq. (2) is derived from both mechanisms. Now, we perform the RPA for the present model, by using 64 × 64 × 16 k meshes. We fix the temperature at T = 0.01 eV, and set the filling of each Fe-site as n = 6.0. Hereafter, the unit of energy as eV. The irreducible susceptibility in the five-orbital model is given by
where q = (q, ω l ) and k = (k, ǫ n ). ǫ n = (2n + 1)πT and ω l = 2lπT are the fermion and boson Matsubara frequencies.
is the Green function in the orbital basis, whereĥ
is the matrix representation ofĤ (0) and µ is the chemical potential. In the RPA, the susceptibilities for spin and charge sectors are given by [42] 
otherwise (8) In the RPA, the enhancement of the spin susceptibilitŷ χ s is mainly caused by the intra-orbital Coulomb interaction U , using the "intra-orbital nesting" of the FSs. On the other hand, the enhancement ofχ c in the present model is caused by the quadrupole-quadrupole interaction in eq. (2), utilizing the "inter-orbital nesting" of the FSs. The magnetic (orbital) order is realized when the spin (charge) Stoner factor α s (α c ), which is the maximum eigenvalue ofΓ sχ(0) (q, 0), (Γ c (0)χ (0) (q, 0)), is unity. Here, the critical value of U is U cr = 0.448 eV, and the critical value of g is g cr = 0.132 eV for U = 0. (We note again that the the band renormalization due to the mass enhancement m * /m b ∼ 2 is taken into account in the present tight-binding model.) (q, 0) shows broad peak around (π, δ) with |δ| 0.2π. We note that both χ Q xz (q, 0) and χ s (q, 0) are almost independent of q z . That is, both the orbital and spin fluctuations are almost two-dimensional.
Next, we explain the linearized Eliashberg equation. In order to obtain the fine momentum dependence of the SC gap, we concentrate on the gap functions only on the FSs as done in Ref. [43] : We used 80 × 16 k points for each Fermi surface sheet. Without impurities, the linearized Eliashberg equation is given as [43] 
where λ E is the eigenvalue that reaches unity at T = T c . i and j denote the FSs, and ∆ i (k, ǫ n ) is the gap function on the i-th FS at the Fermi momentum k. The integral in eq. (9) means the surface integral on the j-th FS. The paring interaction V in eq. (9) is 
where U l,i (k) = k; l|k; i is the transformation unitary matrix between the band and the orbital representations. In this calculation, we simplify the energy dependence ofV . We assume thatV ξ (ξ = c, s) can be separated into the momentum and orbital dependent partV ξ (k, ω l = 0) and energy dependent part g ξ (ω l ):
We calculatedV ξ (k, ω l = 0) without approximation. On the other hand, g ξ (ω l ) is determined as
where V ξ max (0) is the largest value of V ξ l1l2,l3l4 (k, ω l = 0) for any {l i } and k. It is verified that this simplification affects the momentum dependence of the SC gap functions only quantitatively, although the obtained λ E is quantitatively underestimated. Thus, this approximation would be appropriate for the present purpose, that is, the analysis of the anisotropy of the SC gap.
III. SUPERCONDUCTING GAP FUNCTIONS
In this section, we analyze the linearized Eliashberg equation, eq.(9), using the three-dimensional five-orbital model for LiFeAs. Here, we use 80 × 16k points for each Fermi surface sheet and 512 Matsubara frequencies. The pairing interaction in eq. (10) As for the hole-pockets, the gap functions on the h-FS1,2 composed of (d xz , d yz )-orbitals are the largest, while the gap on the h-FS3 composed of d xy -orbital is the smallest. These results are quantitatively consistent with the experimental data [23] shown in dotted lines. (We adjust the magnitude of gap functions since it cannot be obtained by solving the linearized gap equation.) As for the electron-pockets, the gap function has the local maxima at θ = 0, and the minimum point is θ ≈ 0.4π. This result is also consistent with the experimental data [23] . In Appendix A, we show the s ++ -wave gap for smaller g (α c = 0.90), and find that the gap structure is essentially independent of the strength of orbital fluctuations. Therefore, overall experimental data are quantitatively reproduced by the orbital fluctuation theory.
In Fig. 4 (b) , we discuss the origin of the orbital-and FS-dependences of the gap functions: The broad peak of the quadruple susceptibility χ Q xz (q, 0) at q ≈ (π, δ) with |δ| 0.2π in Fig. 3 (b) is mainly given by the interorbital nesting between h-FS1,2 (orbital 2,3) and e-FS1 (orbital 4). For this reason, the maximum gap is realized on h-FS1 (∆ small. However, this result is opposite to the experimental data shown by dotted lines. Also, the obtained θ-dependence of the gap on the e-FS1 is very different from the experimental data. Both ∆ Fig. 5 (b) . In addition, the gap function of h-FS3 has eight nodes inconsistently with experiments. We verified these eight nodes disappear by using larger value of J/U ∼ 0.4 as used in Ref. [30] .
In Appendix A, we show the s ± -wave gap for smaller U (α s = 0.90). In this case, the magnitude of ∆ h 1,2 becomes relatively large. On the other hand, the nodal gap appears on the e-FSs, inconsistently with experiments. Thus, the overall experimental data is difficult to be explained by the spin fluctuation theory. Finally, we discuss the superconducting state when the orbital and spin fluctuations coexist. In the case of BaFe 2 (As,P) 2 , the coexistence of both fluctuations produces the three-dimensional loop-shape nodes on electron-like FSs, as discussed in Ref. [35] . In the present model for LiFeAs, we find that the coexistence of orbital and spin fluctuations leads to a very exotic s-wave state, since the band structure of LiFeAs is very different from that of BaFe 2 (As,P) 2 . If we increase the value of U further, we obtain a highly nontrivial gap structure with sign-reversal within the hole-FSs: Figure 6 in the s ± -wave state in Fig. 5 .
We discuss the reason why s We expect that the present mechanism of the "signreversal within hole-pockets" due to orbital+spin fluctuations would be realized in other Fe-based superconductors. In fact, the realization of the s h ± -wave state was first discussed in Ba 1−x K x Fe 2 As 2 based on the thermal conductivity and penetration depth measurements [32] , in addition to the recent ARPES study [33] . To explain the s h ± -wave state theoretically, the authors in Ref. [44] assumed the repulsive interaction between holepockets. However, the corresponding spin fluctuations is very small within the RPA, because of the ill-nesting between hole-pockets. In the present paper, it is found that the s In previous sections, we studied the extended Hubbard model with multiorbital Coulomb interaction (U , U ′ , J = (U −U ′ )/2) and quadrupole interaction (g). Here, orbital (spin) fluctuations are induced by g (U ) and inter-orbital (intra-orbital) nesting of the FSs. Orbital fluctuations are the driving force of the fully-gapped s ++ -wave state, and the coexistence of orbital and spin fluctuations gives rise to the s h ± state with the sign-reversal within the holepockets.
In Ref. [15] , we had shown that g is induced by inplane Fe-ion oscillations. Consistently, kink structure in the quasiparticle dispersion due to Fe-ion oscillations is observed experimentally in LiFeAs [23] . Later, we found that g is also induced by the Coulomb interaction (without e-ph interaction) if the many-body effect beyond the RPA is taken into account: It was revealed that the Aslamazov-Larkin type vertex correction (AL-VC) due to Coulomb interaction produces large effective quadrupole interaction g [16] . By solving the five-orbital Hubbard model for LaFeAsO using the self-consistent vertex correction (SC-VC) method, we obtain the strong development of χ q = (0, π), (π, 0) [16] . The former fluctuations obtained by the SC-VC theory explain the orthorhombic structure transition in mother compounds [45] .
In this section, we analyze the tight-binding Hubbard model (g = 0) for LiFeAs using the self-consistent VC+Σ (SC-VC Σ ) method, which was used in Refs. [46, 47] . To simply the numerical calculation, we study the k z = π-plane of the present three-dimensional LiFeAs model. In the SC-VC Σ method, the self-energy matrixΣ is given by the the one-loop approximation:
where G is the full Green function with self-energy given as {Ĝ(
The third and fourth terms of the right hand side inV Σ (q) are required to cancel the double counting in the 2nd order diagrams.
The susceptibility for the charge (spin) sector iŝ
whereΦ c(s) (q) ≡χ with the full Green functionĜ.X c(s) (q) is the VC for the charge (spin) sector. In the SC-VC Σ method, we calculate the VC up to the second-order terms with respect to the susceptibility χ s,c . The second-order term (=Aslamazov-Larkin term) is always dominant over the first-order term (=Maki-Thompson term), and the AL-VC for the charge sector is given as [16] 
whereV s,c (q) ≡Γ s,c +Γ s,cχs,c (q)Γ s,c ,Λ(q; k) andΛ ′ (q; k) are the three-point vertex made of three Green functions given in Ref. [16] . We include all U 2 -terms without the double counting to obtain reliable results. Here, we neglectX AL,s because the contribution ofX AL,s is much smaller than that ofX AL,c [16, 48, 49] . Also, we useĜ (0) in calculatingΛ andΛ ′ since they are underestimated at high temperatures (T ≫ 0.01) due to large quasiparticle damping ImΣ(q, −iδ) ∝ T .
In the SC-VC Σ method, we solve eqs. (16)- (18) selfconsistently. Here, we study the two-dimensional model given by the k z = π plane of LiFeAs using the SC-VC Σ method. Figure 7 shows the obtained quadruple susceptibility χ Q xz (q) and χ Q yz (q). The used parameters are U = 0.96, J/U = 0.13, g = 0, and T = 0.02. The obtained χ Q xz,yz (q) shows incommensurate peak structure, reflecting the bad nesting of the FSs in LiFeAs [50] . In highly contrast to the case of LaFeAsO [16] , χ Q x 2 −y 2 (q) in the present model is very small, consistently with the absence of structure transition in LiFeAs. Thus, the quadrupole interaction in eq. (2) is derived from the VC due to Coulomb interaction in addition to the e-ph interaction.
Using the susceptibilities given by the SC-VC Σ method, we can obtain various types of s-wave superconducting states, like the s ++ -wave, s ± -wave, and s h ± -wave states. We will discuss the superconducting state in later publications.
V. SUMMARY
In this paper, we studied the three-dimensional fiveorbital model of LiFeAs based on the recently-developed orbital-spin fluctuation theories [15, 16] . It is found that the experimentally observed gap structure of LiFeAs in Ref. [23] is quantitatively reproduced in terms of the orbital-fluctuation mechanism. Especially, the largest gap on h-FS1 and h-FS2 in Fig. 1 (b) is naturally reproduced by the inter-orbital fluctuations, whereas it is unable to be explained by the spin fluctuation scenario. Therefore, the largest gap on h-FS1,2 is the hallmark of the orbital-fluctuation-mediated superconductivity in LiFeAs. Also, the orbital-independent isotropic gap on h-FSs (i.e., the absence of horizontal-node on h-FSs) observed in Ba122 and Sr122 [36, 37] strongly indicates the importance of inter-orbital fluctuations in the pairing mechanism [35] . These experimental and theoretical studies of the gap structure indicate the realization of orbital-fluctuation-mediated superconductivity in various Fe-based superconductors.
When orbital and spin fluctuations coexist, the "s h ± -wave state" is obtained, in which only the gap of the largest d xy -orbital hole-pocket is sign-reversed. We expect that the present mechanism of the "sign-reversal within hole-pockets" due to orbital+spin fluctuations would be realized in other Fe-based superconductors, although LiFeAs might not be the case. In fact, the realization of the s h ± -wave state was first discussed in Ba 1−x K x Fe 2 As 2 based on the thermal conductivity and penetration depth measurements [32] . The s We also applied the SC-VC Σ method to the Hubbard model of LiFeAs, and obtained the strong development of antiferro-orbital fluctuations due to the AL-type VC. In contrast, the ferro-orbital fluctuations remains small contrary to the previous study for La1111 [16] , consistently with the absence of orthorhombic structure transition in LiFeAs. It is our important future issue to study the superconducting state of LiFeAs based on the SC-VC Σ method.
In Sec. III we have shown the gap structures of the s ++ -wave and s ± -wave states in the presence of very large orbital and spin fluctuations; α c,s = 0.98. However, we have very little experimental information on the strength of fluctuations in LiFeAs. In fact, the spin fluctuations are moderate according to NMR measurement [26] and neutron scattering measurement [27] [28] [29] . The eigenvalue is λE = 0.34. The dotted lines represent the experimental data given by the ARPES measurement in Ref. [23] . Figure 8 shows the s ++ -wave gap functions for g = 0.118 and U = 0. In this case, α c = 0.90 and max q χ Q xz (q, 0) ≈ 37. The obtained gap structure is very similar to that in Fig. 4 (a) for α c = 0.98. Especially, experimentally observed local maximum at θ = π/2 on the e-FS3 is well reproduced in Fig. 8 . The anisotropy of ∆ h 3 is enlarged in the presence of weak spin fluctuations. Thus, the s ++ -wave gap structure is essentially unchanged for α c ≥ 0.90, although the eigenvalue λ E increases as α c approaches unity. The obtained eigenvalue λ E = 0.34 is relative large, which means that moderate orbital fluctuations (α c = 0.90) would be enough to induce the superconductivity. The eigenvalue is λE = 0.12. Figure 9 shows the s ± -wave gap functions for U = 0.403 and g = 0. In this case, α s = 0.90 and max q χ s (q, 0) ≈ 35. As for the hole-pockets, the obtained gap functions are essentially similar to those in Fig. 5 for α s = 0.98, except that ∆ h 1,2 becomes relatively large. As for the electron-pocket, the nodal gap appears on the eFSs, although it is inconsistent with experiments. Thus, the overall experimental data is difficult to be explained by the spin fluctuation theory for α s ≥ 0.90. Hopping integrals for R = (x, y, z) for the present five-orbital model for LiFeAs. Notations are the same as those introduced in Refs. [11, 25] . σy, I, and σ d corresponds to t(x, −y, z; l, m), t(−x, −y, z; l, m), and t(y, x, z; l, m), respectively. Here, '±' and '±(l ′ , m ′ )' in the row of (l, m) mean that the corresponding hopping is equal to ±t(x, y, z; l, m) and ±t(x, y, z; l ′ , m ′ ), respectively. Notice also t(R; l, m) = t(−R; m, l).
